ABSTRACT. The differential geometric structure of a Fréchet manifold of densities is developed, providing a geometrical framework for quantization related to Nelson's stochastic mechanics. The Riemannian and symplectic structures of the density manifold are studied, and the Schrödinger equation is derived from a variational principle. By a theorem of Moser, the density manifold is an infinite dimensional homogeneous space, being the quotient of the group of diffeomorphisms of the underlying base manifold modulo the group of diffeomorphisms which preserve the Riemannian volume. From this structure and symplectic reduction, the quantization procedure is equivalent to Lie-Poisson equations on the dual of a semidirect product Lie algebra. A Poisson map is obtained between the dual of this Lie algebra and the underlying projective Hubert space.
Introduction.
The configuration space for a physical problem is a differentiable manifold M, and the appropriate phase space is the cotangent bundle T*M, which is furnished with a canonical symplectic structure. The quantum state space is the complex Hubert space U = L2(p) divided by the multiplicative action of C*, where p is an appropriate measure on M. The classical Hamiltonian generates a group of symplectic automorphisms of T*M, but does not act naturally on M. The term quantization refers to the problem of establishing a correspondence between the two mathematical frameworks.
Let us briefly adopt the language of categories to discuss this problem in more detail (see [22] ). The classical category C consists of symplectic vector bundles and symplectic isomorphisms. The quantum category Q is made up of complex Hubert spaces, and unitary operators. The most general quantization problem, therefore, is to determine a functor f:C->Q which is required to obey some auxiliary conditions. It is well known however, that no such functor exists, if the bracket operations are to be preserved. An alternative problem, therefore, is to obtain an intermediate category I and a pair of functors C <-I -► Q. Since the collection of cotangent bundles lies naturally in (the objects of) C, a natural choice for I is to consider the collection of smooth manifolds and smooth diffeomorphisms. To determine a functor from I to Q assume that the manifold M has a distinguished volume element p and form the Hubert space M -L2(p). (p is replaced by equivalence classes of measures in the general case.) A quantization procedure may then involve establishing a correspondence between unitary operators on the Hubert space M associated with the manifold M, and Poisson algebras of functions on the However, the density manifold M (M x TV) is much larger than the space of product measures M(M) x M(N). We therefore think of M(M) as a mathematical configuration space and do not assign it interpretational value.
The mathematical structure of configuration space quantization is wholly motivated and guided by stochastic mechanics. In this probabilistic theory, a diffusion is constructed on the physical configuration space M, and there is a correspondence between Hamiltonians on the phase space T*M and functionals on the diffusion process. Although the quantization procedure of Markovian stochastic mechanics is derived from a variational principle, the collection of regular Borel measures on path space in this theory does not inherently admit a natural symplectic structure.
The present work may therefore be seen as a geometrization of the deterministic relations of stochastic mechanics.
Conservative diffusion and stochastic mechanics.
In this section we review the basic concepts and constructions of stochastic mechanics in order to motivate and provide technical as well as conceptual background for the following sections.
Let M be an n-dimensional C°° manifold which is a locally compact Hausdorff space, and for an interval J Ç R let the path space Yl be defined by yi = Y[m I (where M denotes the one-point compactification of M) with the product topology. An element of Yl is an arbitrary function w: J -» M. If B denotes the Borel u-algebra of fi then a regular Borel probability measure Pr on (Yl,B) defines an M-valued stochastic process £(t)tei over (Yl, S,Pr) by the evaluation map ew(«)=«(*)■ Similarly, an M-valued stochastic process over a probability space (S, S, p) induces a measure on path space by a procedure developed by Nelson; see [20] . We let Pt,7t, and JJt denote the cr-algebras Pt -o-{Ç(s),s < t}, 7%-a{t\(s),s > i), and M -^{íí5)» s -t} generated by £. DEFINITION 2.1. We say that {£(i)}te/ is a smooth diffusion if (2.1) Etdt?(t) = EtiCit + dt) -è(t)) = ßl(C(t),t)dt + o(dt), ( 
2.2) d?(t)dÇ>{t) = o-ij(Ç(t)) dt + o(dt)
in local coordinates ql, where ßl and al] are smooth functions and a13 is of strictly positive type, and if (2.1) and (2.2) hold for the time-reversed process £(i) = a-t), ¿G/.
Here Et denotes the conditional expectation with respect to the a-algebra Xlt, and o(dt) is interpreted in the probabilistic sense. To be precise, let Bt be the algebra of all uniformly bounded stochastic processes {r)t}te[o,e] defined over the same probability space as £ such that |£tf?(dt)|oo = 0(dt) and |75tr,(di)2|oo = 0(dt).
Let Ot be the ideal of all ç G Bt such that \EtÇ(dt)\oo = o(dt) and |£tc(di)2|oo = o(dt).
Then we write o:(i) = ß(t) + o(dt) in case a(t) -ß(t) G CV We assume as part of the definition that
Etd.?(t) = ßi{t(t),t)dt + o{dt) The point of this theorem is that while aXJ is a contravariant 2-tensor which defines a Riemannian metric on TM, ßl does not transform like a vector and we must therefore allow for a correction term in defining the drift vector field of the process £. This is done by setting (2.9) dp/dt = -¿Ap-V-(M.
We therefore have that the continuity equation (or current equation) (2.10) dp/dt = -V • (vp) and the osmotic equation License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
By differentiating (2.11) in time and using (2.10) we find that
The time evolution of the current velocity, however, is not as easily obtained from the basic relations governing the infinitesimal characteristics of £. In the context of stochastic mechanics, dv/dt is obtained from a stochastic variational principle. Notice that if / G Cq'(MxI), then the stochastic derivative Df(t¡(t),t) is given by Df(at), t) = |A/(f (i), t) + b-V/(£(í), t) -I fvigM.
We call | A + b ■ V the forward diffusion operator, and the analogous backward diffusion operator is given by -^A + 6« • V. To extend the stochastic derivatives to the full tensor algebra requires a stochastic parallel translation map, which we denote by r. The correct definition of this map in the context of stochastic mechanics was given by Dohrn and Guerra (see [20] ). It is obtained by applying a deterministic translation map to the geodesic approximation of the diffusion, as follows. Let {7/(s)|s G [so>si]} be a geodesic on M with v(s) -dn/ds the vector field tangent to rj and let uo G TV^SQ)M. Then u(s) = t(v(s), n(so))uo is defined to be the Jacobi field along n with initial condition Vvu(so) = 0; that is, u(s) satisfies (2.13) D2u/ds + R(u, v)u = 0 with initial conditions (2.14) Du/ds = 0, u(s0) = «o where D/ds denotes the covariant derivative along rj, and R is the Riemannian curvature tensor. It is an elementary fact that every Jacobi field may be obtained by a variation through geodesies. To construct this variation through geodesies for r, let {7(so,í)|í G [0,1]} be a curve satisfying 7(s0,0) = n(s0), dq(s0,t)/ât[t=o = «o, and let {7(5,t)\s G [so,si]} be the geodesic beginnning at 7(so,i), with initial velocity 7(77(50), 7(so, t))v(so), where T denotes the Levi-Civita parallel translation. It is then easy to check that u(s) = d~i(s,t)/dt\t=o is the Jacobi field described by (2.13) and (2.14). If one now takes the geodesic approximation to the diffusion £ and applies r to each geodesic segment, the stochastic differential equation dYi = -r'fci y*d£' -\o-klY™ dt (rifiUi -r;,r4fc -r^m¡ + JLpw)
is obtained, which may be represented intrinsically by the Stratanovich stochastic differential equation dYi = -rlfc/yfc o dXl + \R)klYlcrik dt.
For a tensor field a, the stochastic derivatives Da and D»a are then defined by setting
dt\o at which leads to the relations Da{t(t), t) = (5 Adg + b ■ V + d/dt)a(t:(t), t), £U(£(i),t) = (-\ADG + 6, ■ V + d/dt)a(at),t).
The second order operator Adg is the Dohrn-Guerra Laplacian Adg = V'V, -it!.', with i?.' denoting the induced action of the Ricci tensor R on the mixed tensor algebra T(M). The Laplacian Adg agrees with the de Rham-Kodaira Laplacian on scalars and 1-forms.
2.1 Stochastic action. From Theorem 2.2 we see that the stochastic increment d£*(i) = f'(i + dt) -£*(i) does not transform like a vector. To obtain a vector quantity naturally associated with d£l we make use of the exponential map of the Riemannian manifold M. To this end, define d£ G T^M by
Since exp is a local isomorphism, d£ is (almost surely) well-defined when dt is sufficiently small, and
EtdÇ = b(t(t),t)dt + o(dt).
Let {n(s)\t < s < t + dt} be the minimal geodesic joining Ç(t) and £(£ + dt). Then dn/ds\s=t = dtl/dt, and
is the square of the Riemannian distance between £(£) and t\(t + di). However, since we would like to estimate 7?t(d£,d£) to o(dt2) in order to provide an approximation for E[(dtl/dt,dtl/dt)]. The point of this calculation would be that although the paths of £ are almost surely nowhere differentiable, if the divergent quantity limdtioY^nE[(d£{tn)/dt,dcl(tn)/dt)}dt may be given a well-defined meaning and expressed in terms of the infinitesimal characteristics of the diffusion £, then it will serve as the classical action of £ and should determine the appropriate Lagrangian for the quantization procedure of stochastic mechanics. This idea is realized in the following theorem of Guerra and Nelson.
THEOREM 2.3. Let {£(i)}te/ be a smooth Markovian diffusion on M with forward drift vector field b, and fix t G I. Let dt > 0 be sufficiently small so that is almost surely well-defined. Then where R is the scalar curvature of the metric induced by £.
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The important aspect of this result is that the expression (2.15) is renormalizable in the following sense. The divergent term n/2 dt -► oo is deterministic; it does not depend on the particular path, and therefore drops out upon taking variations of the diffusion £ by processes of identical quadratic variation.
The expression (2.15) for the classical action of a Markovian diffusion leads to the following notion of criticality. Let (¡> G Co°(M) and let L: TM x I -► R be the
where, as before, x >-* (-, -)x denotes the Riemannian metric on TM and n: TM -► M is the canonical projection. If {£(t)}tgj is a smooth Markovian diffusion with forward drift vector field b and diffusion tensor giving the metric (-,-), we may form the associated Lagrangian Lb: M x I -> R by setting
The associated action is
where I = [ío,íi]-We may also re-express Lb in the following form, which will be especially convenient for our later developments. PROOF. By partial integration we see that since p > 0,
, and since the contributions from <j> and R are identical in equations (2.17) and (2.18), the result follows.
REMARK. Notice that we may simply hide the scalar curvature term in the Lagrangian by setting <fr^ -<p --^R and considering the Lagrangian L-^(v,t) = (v,v) -<pp(Tr(v),t). We will therefore not include this term in the following expressions; the interested reader may refer to [20] Here £" denotes the expectation with respect to the measure of the smooth Markovian diffusion £' having forward drift vector field b' = b + 6b, and the same diffusion tensor and probability density at time t as £(£).
The following theorem is due to Guerra and Morato, and serves to specify the dynamics of a critical diffusion. The crucial step in the Guerra-Morato variational principle is the introduction of the stochastic analogue of Hamilton's principle function, which is the scalar given by j1 Lb(as),s)ds\l-(r)
, and the expansion of the stochastic derivatives of this random variable with respect to both the critical and "variational" processes. The approach given below is more probabilistic, and assumes less regularity of the principal function than the method which treats the stochastic differentiation operations as second order partial differential operators.
THEOREM 2.6. Suppose that S is defined as in (2.19) , that the gradient VS exists in L2(p), and that = E[S(t;(t),t)} = E[S(at),t)M(t)} be the Girsanov density associated with £' (see [12] ). Since rti )ds it and S(t;(ti),ti) =0 almost surely, we may use the algebraic identity
to obtain an expression for I by stochastic integration by parts. Because M is a Pt-martingale there will be no contribution from the S(tl(s),s)dM(s) term under expectation. Furthermore, by expanding the exponential and again using the martingale property it is easy to see that A simple computation then shows that the above system is equivalent to the Schrödinger equation (2.25).
REMARK. We note that a covector term may be included in the above Lagrangians as well. See [20] and §5.
2.2 Paths of density. There are several ways of constructing a smooth Markovian diffusion on M. Given a collection of vector fields one can construct a stochastic flow of diffeomorphisms of the frame bundle and project onto M. The familiar method of taking discrete approximations to Itô stochastic integral equations yields a diffusion locally, and the resulting local processes in different charts may be glued together. A partial differential equations approach begins with an initial density po and the drift vector field b(-,t), t G I, and solves the forward diffusion equation to obtain the probability transition function p, and therefore the measure Pr on path space.
From the point of view of the present paper, it is most natural to suppose that for each t G I, p(-, t) is a smooth strictly positive probability density on the compact manifold M. The osmotic velocity, determined by u= |Vlogp, is smooth and we may define the current velocity by the relation Ü = _IVA-p dt which exists since / dp/dt = 0 implies dp/dt G Ran(A).
Then p satisfies the forward and backward diffusion equations (associated with b = v+u and b* = v-u) which have fundamental solutions p and p». The measure on path space may then be generated using the transition kernel p(dxi,ti;...
;dx",t") -p*(dxi,ti\x2,t2) ■ • -p*(dx¿_i,í¿_i;xi,í¿)p(dx¿,í¿) ■ p(xi,ti;dxi+i,ti+1) ■ ■ ■p(xn-1,tn-i;dxn,tn).
Thus, a smooth path of densities may be used to generate a Markovian diffusion.
The following theorem, due to Carlen [5] , provides the proper mathematical setting for stochastic mechanics. THEOREM 2.9. For each t G [ío,¿i] = I let p(-,t) be a probability density, and let u and v be time-dependent vector fields on M which satisfy
for all s,t G I and f G Cq0 (M) ■ Then there is a regular probability measure Pr on path space Yl such that under Pr, 11-> £(f) is a square integrable Markov process with density p(-, t), and the following limits exist strongly in L2{Pr) for any f G C0X(M):
where b = v + u and bm = v -u are the forward and backward drift vector fields.
The relevance of the finite action condition (2.28) and the weak continuity equation (2.29) for stochastic quantization is contained in the following result. THEOREM 2.10. Let <j> be a Rellich class potential on M x I and let Vo satisfy \i()\2 -fM\\Vip\\2 d\{X < oo. Then if ipt = i¡)(-,t) is a solution of the Schrodinger equation (2.25) with potential<fr and initial condition %¡)q (that is, ifipt = exr>(-itH)ipo for the Hamiltonian H = -\A + cf>), then u,v, and p defined by
xp(x,t)=Q,
satisfy the finite action condition (2.28) and the weak continuity equation (2.29).
We refer to [5] for the proofs of these results. We end this section by briefly discussing the interpretational aspect of Markovian stochastic mechanics. Through the study of some particular quantum systems, it has been determined that Markovian stochastic mechanics violates a certain separability property which one may justifiably demand of a physically tenable theory. This is essentially due to the fundamental property that a component of a multidimensional Markov process is not again, in general, a Markov process-the generation of a-algebras does not respect vector space structure. (Consider the sheet component of a Wiener process on the Riemann surface of y/z.) However, it is not at all clear how the GuerraMorato variational principle may be extended to non-Markovian diffusions, or that such an extension would remove the separability problem.* Thus, from the point of view of Nelson, one should turn toward the construction of random fields on physical space-time rather than diffusions on configuration space. See [20, 21] for a treatment of the locality problem in stochastic mechanics. The point to be made here is that there is no mention of Markovicity or other restrictions in specifying a path of densities p. Hence, if a quantization theory can be formulated using paths of density as the fundamental mathematical objects of consideration, then there may be no questions of locality or separability directly involved. We carry out this program in the following sections. In this section we study the manifold structure of M and briefly discuss its relationship with the group D(M) of diffeomorphisms of M. This relationship is further developed in §6. Consider the following simple example, which gives an indication of the interplay between M and P. Let M = S1, and let P(S1) denote the group of orientation preserving diffeomorphisms of S1. If n G P(S1), then n lifts naturally to a real-valued periodic function (also denoted r¡) on R. Clearly n' is a density, and an exercise in calculus shows that P(S1) « AUS1) x R/27T. Therefore P(S1) has the same homotopy type as S1, since M is contractible. (This is the trivial case of the Smale conjecture: P(Sn) is homotopically equivalent to SO(n + 1), n = 1,2,3,4. The case n = 4 appears to be open.)
This discussion of the relation between the diffeomorphism group and the density manifold in 3.3 and 3.4 will lead to a treatment of the Fréchet manifold structure of M and its tangent bundle TM in 3.5 through 3.7. In particular, in 3.5 we develop the fundamental properties of the osmotic Laplacian Ap, which is essential to many further results. This operator is used to study the geometric structure of M in 3.6 and 3.7.
3.1 Calculus on Fréchet manifolds. We will be working in the C°° category, and therefore briefly recall here some basic facts concerning the Fréchet calculus.
By a grading on the Fréchet space X we mean a family of seminorms {| • |}neN which generate the topology of X, and which satisfies | where the indices ii,...,in refer to a basis for TMI^, and V., is the covariant derivative for V. By restricting to a countable subcover (or finite in the compact case) and letting a countable collection of compact sets fill out each coordinate chart, it is then evident that the above family of seminorms generates a grading for a Fréchet topology on C°°(M,V) which is independent of the local trivializations chosen. In the same fashion one constructs a grading which is compatible with the topology generated by the Sobolev seminorms.
Although there is no canonical extension of Banach space differential calculus to Fréchet spaces, the following provides a good working definition. Within this framework the basic operations of the calculus are sufficiently well behaved for our purposes. In particular, the notion of Fréchet manifold, defined in the obvious way, is well adapted to our study of M. We refer to [11, 17] for further discussion of the general theory.
REMARK. Apart from certain topological and analytical issues, a large part of the finite-dimensional geometric theory carries over unchanged to the infinitedimensional case when it is formulated in an appropriate algebraic fashion. In [19] the theory is cast in the abstract setting of Lie modules, which provides a suitable framework for much of what we shall carry out in later sections.
3.2 The group of diffeomorphisms. We now quickly review the basic facts concerning the group of diffeomorphisms of the compact manifold M. For details and many further developments we refer to [11] and [17] , where the C°° point of view is developed, and to [2] and [6] , where the Hubert manifold case is developed. Let P(M) denote the group of C°° diffeomorphisms of M, with the C°° topology. The tangent space TeP(M) at the identity e is identified with equivalence classes of smooth curves of diffeomorphisms through e. Thus the Lie algebra £(P(M)) consists of the collection X(M) of smooth vector fields x \-* V(x) €TXM with the C°° topology.
A one-parameter subgroup of P(M) is simply the flow of a vector field V G X(M), and this flow is defined for all time since M is compact. We therefore have a map EXP: X (M) -► P (M) which takes V G X (M) to the one-parameter group of diffeomorphisms EXP(iV) satisfying d7/dt = Vf/y), 7(0) = xo, when we set 7(t) = EXP(iV)(xo). Unlike the situation with finite-dimensional Lie groups, however, this exponential map does not provide a local chart structure on P(M) since it is not a local isomorphism-it does not map onto any neighborhood of the identity. Some more work must therefore be done to provide an atlas for P(M).
The idea behind providing a chart structure for P(M) may be thought of as follows. Let Ve Ç X(M) be a neighborhood of zero which satisfies |u| < e for all v G VE, where | • | denotes the Riemannian norm on TM. Choose s sufficiently small so that any two points of M with Riemannian distance less than e may be joined by a unique geodesic of length less than s, and such that this geodesic is minimal and depends smoothly on its endpoints. REMARK. From these relations it is clear that when P(M) is modelled on Hs, it is not a Lie group since the group operations are not smooth.
Two important subgroups of P(M) are the group of volume preserving diffeomorphisms Pli{M) = {r,eP{M)\r,*p = p}, and the group of symplectic diffeomorphisms pu(M) = {n G P(M)\r¡*uj = «}, in the case that M admits a symplectic structure w. To show that Pp(M) is a closed smooth submanifold of P(M) one considers the cohomology class
(where C°°(Ak(M)) denotes the smooth exterior fc-forms), and shows that the mapping F: P(M) -► [p] described by F(n) = n*p, is a submersion. Then Pß(M) = F~1(p) is a smooth submanifold, but this only determines the local chart structure of Pft(M) implicitly.
The proof of this fact is similar to that of the following theorem, which is central to the developments of §6. THEOREM 3.3. The Lie group P(M) acts transitively on M by pullback of forms. Furthermore, ir:P(M) -► M is a principal fiber bundle with structure group Pn(M) and projection nr¡ = n*p.
For a proof of this theorem, which is indicative of the methodology of diffeomorphism groups, we refer to [6] . The proof is based on a beautiful (and now standard) technique due to Moser [18] , which generalizes not only to the Darboux theorem, but to Weinstein's theorem on normal forms for Lagrangian submanifolds. The proof given in [11] In the next two sections we will establish a more concrete description of this relationship, and, in particular, we shall see how the splitting of this sequence provides an important feature of the density manifold for our later developments.
3.3 The osmotic Laplacian. There is nothing special about the volume form p in the above discussion. Indeed, we may let po G M be an initial density, and for t r-> rjt a path in P(M) with »70 = e, let pt = (nt)*Po be the push-forward density path. Then holds, where Xt G TVtP(M) is the vector field over <7t tangent to í h» nt. Thus, under the mapping pt *-► pt/p from n-forms to smooth, strictly positive functions, the continuity equation dp/dt + V-(xtPt) = 0 holds when we set Xt<>r)t = Xt. Of course, the same equation holds if we replace Xt by Xt + zt, where Zt is a vector field on M having divergence zero with respect to the measure pt (« ptdMx).
With p = po, suppose that we seek to minimize the energy
among all vector fields v which satisfy the continuity equation for p(t) at t = 0. If v is the unique vector field which minimizes (3.3) then v is orthogonal to all p-divergence-free vector fields with respect to the inner product ((-, -))p. Thus, since p > 0, v* is a closed 1-form. Without assumption on the H1(M, R), we would like to show that v* is exact [21] .
THEOREM 3.5. Let t *-* p(t) be a smooth curve in M with p(Q) = p. Then there is a function S G C°°(M), defined uniquely up to a constant, such that (3.4) dp/dt\t=0 = -V • (VSp). Let )io Q ri be the closed subspace Mo = {/ G ri\fMfp = 0}. Then \AP is an elliptic operator with discrete spectrum, and kernel consisting of the constants, which maps Mo into itself. It also has a bounded inverse (|Ap)_1. Now, clearly p 1(dp/dt) G #0 since L(cpt)p=íLp=o-Thus, exists in -Vo, and by elliptic regularity is C°°. S is the desired solution (up to a constant) of (3.4).
COROLLARY 3.6. LetpGM. We may write REMARK. In considering osmotic diffusion where dp/dt = 0, the operator ^Ap may be used to construct a measure on path space yielding a symmetric Markov process. Recent work has been carried out by D. Bakry and M. Emery [4] on Sobolev and logarithmic Sobolev inequalities related to Ap on noncompact manifolds.
3.4 The Fréchet manifold structure of M. Notice that the appearance of the Lie derivative in the expression VÏ(LXtOri7ipt + dpt/dt) = 0, which is equivalent to the continuity equation, transforms the tangent Xt to the path of diffeomorphisms into an implicit tangent vector xt = Xt o nr1 for the path of densities by the relation dp/dt + V ■ (xp) = 0. We now provide M with a chart structure which makes this correspondence explicit. noticing that (l-p2/pi), (AP2S2)p2/pi G KPl -{f\J fpi =0}. From our previous remarks regarding the osmotic Laplacian it now follows that (¡> is smooth. Notice that if t >-* p(t) is a curve through p(0) = p in M, then dp/dt makes sense as a Gâteux derivative. We therefore think of the gradient vector field as an intrinsic tangent vector (or an intrinsic representation) at p since there is no mention of local charts. A vector field on M is thus a smooth (as a map between Fréchet spaces) assignment p h+ X(p) of a gradient vector field X(p) G PX(M) to each p G M.
A simple consequence of the chart structure provided by Theorem 3.8 is the following, which provides the most natural framework for working with tensors on M. ((-, -) )p be the inner product
The mapping p i-► ((-,-)) p determines a weak Riemannian structure on TM. The term weak is used since the topology generated on TPM by the bilinear form {(■,■))p is strictly weaker than the topology inherited from M. Thus, each fiber TPM is a pre-Hilbert space in the {(■,■))p inner product. 
lX,Yjf(p) = X(dfp(-V ■ (Y(p)p))(p)) -Y(dfp(-V ■ (X(p)p))(p)).
Next, taking a second derivative along integral curves of X and Y we obtain
Now d2fp is a symmetric bilinear operator, so the d2f terms cancel. The above expression thus reduces to
and then from Lemma 3.12 to
¡X, Y]f(p) = dfp(-V ■ ((X o Y(p) -Y o X(p) + [X(p), Y(p)])p)).
Therefore where we may assume that X, Y, and Z are gradient vector fields which are independent of p. Now, in general, we have dp(Apg(p))(v) = Apdgp(v) + Vgdp H^j (v), so that letting g = Ap x f we obtain dp(A'p1f)(v) = A-1 (dpf(v) -VA;1/ -dp (^) (t;)) . for £,57,f G m. However, the density manifold M, as a homogeneous space, is not reductive, and the Jacobi identity must be verified directly.
In conclusion, we make a remark on the cotangent bundle T* M for later reference. It is a theorem that the topological dual of a nonnormable Fréchet space is not itself a Fréchet space. Thus, rather than working with the topological dual of TM, which is a space of distributions, we use the Riemannian structure p h^ ((•, -))p to identify the cotangent bundle geometrically.
To be precise, let \>:TM -> T*M be the bundle isomorphism which is the index lowering action. This induces a bundle isomorphism \>:TM -► T*M (onto the 4. Geometry of the density manifold. In this section we investigate the fundamental properties of the density manifold by studying the Riemannian and symplectic structures on TM.
4.1 The Riemannian structure. Generally speaking, if £ is a vector bundle over the manifold M with projection tt, the nullspace ker7r*|z, z G Tí, is the subspace of vertical tangent vectors and is naturally isomorphic to the fiber £,7r (2) . A connection is a choice of a complementary subspace of horizontal vectors. The horizontal lift of a path in the base space is then defined, which for Fréchet manifolds, however, may not exist in general. The following result determines the Riemannian connection on TM, which may be interpreted as a connection for the bundle Try. y -► M constructed in the previous section. To see that V is, in fact, a flat connection notice that by considering Z: M -► TM as a map between Fréchet spaces we have that
as in Theorem 3.13. To this end note that
where the right side is a gradient vector field. Thus, In particular, M has nonzero curvature when the base manifold M is, for example, the n-torus T" provided with the flat metric. In [3] , the sectional curvature of the group of volume preserving diffeomorphisms of the torus T2 is described. The expressions even in the low dimensional case are, in fact, quite complicated. We expect that in some sense the curvature of M must be dual to that of Pß(M); however, see §5 for further comment.
4.2 The symplectic structure. When we interpret the cotangent bundle T*M geometrically using the Riemannian structure ((•, -))p, as described at the end of §3, it is clear that the symplectic structure on T*M (« TM) should be ft(p,v)iivi,zi),(v2,z2)) = {{Zl,V2))p-{(z2,Vi))p, with respect to a local chart.
In this section we do not interpret T* M geometrically, but go through the formalism of pulling back the canonical 2-form to TM using the smooth bundle map ¡p:TM -*T*M, <p{p,v) = {{v, -))p. The computations are straightforward. We will work with vectors on TM and T* M as ordered pairs without explicitly mentioning local representations as this should cause no confusion.
Let = n««-»p((t,i'z?/»«1'' "))/> ' Vl + &V2' "))/»)' (v3,Dp((v, -))p ■ v3 + ((«4, -))p)) and using the above expression for Yl this becomes
Jm so it is a simple matter to check that fi, in fact, takes the form
by using the fact that the connection V is torsion-free and that the Vi's are gradient vector fields. If qi,..., qn, qi,..., qn are local coordinates on TM and <I> is the 2-form ¿D = gijdq3 A dql, then we may write So, for example, if 7 takes its minimum at p G YlM, and if d7[p]/do: is always defined, then p is a critical path.
The variational principle discussed above provides a convenient and flexible notion of criticality for the density manifold. It is a simple exercise, for example, to verify the geodesic equations by this method. Let us first suppose that A = 0. Then since the Lagrangian splits we need only determine the gradient of "V under the weak Riemannian structure ((-, -) )p on TM. In this case, along an integral curve 11-* (p(t), v(t)) of Z we have that ((A,-) )p.v3)).
The second approach, which we adopt here for simplicity, is to work with the variational principle of §4, and use the basic properties of the family of Laplacians p !-► Ap. We will then need to note that equation ( exists in L2 (p) then by elliptic regularity for Ap we may conclude that v is smooth. The definition of variation of compact support is then made in the obvious way, and the above results go through under the appropriate modifications. We recall that for noncompact M the group P(M) becomes less manageable; however, Moser's theorem goes through under suitable restrictions on the densities at infinity [7] . The case where p may have nodes is less easily generalized. From the point of view of stochastic mechanics, the nodes of the density are barriers for the diffusion on configuration space. More precisely, the following theorem is proved in [20] . that is, Zp = {x G M|p(x) = 0}. Note that the quadratic form construction of the operator Ap given above applies equally well to the present case where p has nodes and M is noncompact. However, suppose that p G Mo -M, and let 1t-> p(t) be a smooth curve in Mo with p(0) = p. Suppose that pk G fîM is a sequence of paths which converge to p in the C°° topology. Then we may try to obtain the tangent to p at t = 0 by considering the operators Apjt(0). However, the family {pk(0)APk(O)} is not uniformly elliptic, and thus, it is not clear, in general, how to obtain estimates guaranteeing the existence of S1 G r(1(p) which is smooth on Zcp and satisfies dp/dt = -V • (VSp) = -pApS. It therefore does not seem possible to give Mo the structure of a Fréchet manifold in a manner analogous to the construction of §3.
6. The group of diffeomorphisms over the densities.
From the functorial relation (1.1) we see that the cotangent map M i-t-T* M yields a mechanical system in C by the procedure of configuration space quantization. In this section we study the fiber bundle n: P(M) -»Masa means of obtaining a structure theorem relating C and Q.
The essential idea is that the cotangent foliation T* M ^ M involves an implicit semidirect product structure since a path of densities is the adjoint flow of the tangent vector fields. To make this structure explicit, we may canonically lift to T*P(M). The group Pp,(M) is then an isotropy subgroup under which the lifted Hamiltonian system is right-invariant.
Dividing out by PP(M) then leads to a symplectic diffeomorphism with the coadjoint orbits in a semidirect product. The resulting structure is a special case of a general framework studied in [15] and [10] . We shall refer to [15] for many details and further discussion of the general theory. 4(s/l)) = We Ak(g/l))\Adltiu} = cj}.
We thereby obtain a mapping d: A*(fl/f)) -♦ A£+1(a/h) given by the exterior derivative, and we infer that the cohomology Hk(M) is given by a natural isomorphism '"imAA^/iO-A-to/iO with the cup product in H*(M) corresponding to the wedge product A. However, this isomorphism may not be further reduced using the Riemannian structure.
6.2 Lifting the Hamiltonian. The choice of a connection on a principal bundle P -r B allows one to lift a Hamiltonian on T*B to the cotangent bundle T*P of the total space. Let us now examine explicitly the cotangent lift of the Hamiltonian system of the previous sections. For simplicity, we shall disregard the covector and scalar curvature terms.
To quickly review the standard notations and conventions, let T \-* nt be a curve of diffeomorphisms. We let Xi,... ,Xn denote a generic coordinate chart on M, and Xi,...,xn the configuration under the motion of the diffeomorphism group; that is, xt = x(X,t) = r)t(X). The Lagrangian velocity V is given by Vt(X) = V(X, t) = dnt(X)/dt, and the Eulerian velocity v is determined by vtont = Vt. We therefore have a commutative diagram It is instructive to check directly that this lift is vertical. Therefore, since the bundle map TP(M) -> T*P(M) is equivalent to the index lowering action, we now have that HPo is PPo (M)-invariant. 6.3 Reduction and semidirect product structure. The invariance under Ppo (M) of HPo on T*P(M) leads to Lie-Poisson equations on the dual of a semidirect product Lie algebra. The equations are precisely those obtained by the configuration space quantization of the previous section. Our approach here is based on the work of Marsden, Ratiu, and Weinstein [15] , and we therefore first summarize the essential points of the theory in the following two theorems.
Let 7: G -► Aut(V) be a representation of the Lie group G on the topological vector space V. The induced Lie algebra homomorphism is denoted 7': g -» End(V).
Let S = G x-, V be the semidirect product which is the manifold G x V together with the group law The vector space in the appropriate semidirect product should be identified with the densities, which is however not a vector space. We therefore take V = 7(M) (= C°°(M)) and identify the dual 7*(M) geometrically with the densities. We remark that the Poisson structure described above is essentially the structure for compressible flow constructed in [15] . To adapt it to our purposes we must take into consideration the projection operator Q. Under the isomorphism M « 7* (M) the induced representation is again pushforward, and for po G M, PPo(M) is now an isotropy subgroup. The moment map J for the action of the semidirect product P(M) «^ 7(M) on T*P(M) x 7*(M) « T*P(M) x M is J(ar"p) = ((TeRriyav,r)*p).
Let H be the Hamiltonian on T*P(M) x M given by H(ar),p) = Hp(aT)), where Hp is given in §5. Then by forming the Hamiltonian H:s* -► R through the composition H o J = H we reduce to a Hamiltonian system on the dual of the semidirect product Lie algebra 0 = X(M) Ky 7(M).
It is now straightforward to check that the equations of configuration space quantization are obtained by solving for the Lie-Poisson equations F = {F, H}. We omit the details; a similar calculation is carried out in the following section.
Finally, we make the following remark which suggests a more refined structure for the present situation of lifting a Hamiltonian. Let X be a vector field on M. Then X(n) -Xon determines a right-invariant vector field on P(M). Now form the vector field QvX(r)) G Tr)P(M), which is again right invariant under the induced action of P(M). From the results of §3, we infer that and that the Jacobi identity holds under projection by Qe. Since we may replace the form p with any density p G M, we obtain a one-parameter family of Lie algebras Qp(M) which does not correspond to any one-parameter family of subgroups of the diffeomorphism group P(M). Since the Hamiltonian on T*P(M) involves the projection onto the cotangent bundle of T*M, in actuality, we are solving for the Lie-Poisson equations in the one-parameter family of duals of semidirect product Lie algebras 0P = Qp Ky 7(M). Thus, lifting to a degenerate Hamiltonian on the total space simply allows the use of the underlying Lie group P(M) to obtain a single semidirect product Lie algebra 0 in which the family {0p} is embedded. This observation suggests the following mathematical setup to more directly account for the indeterminancy in Sv. Rather than considering the tangent bundle TM, one may consider the collection of Lagrangian submanifolds over the densities, which may be given a symplectic structure. A Lagrangian submanifold L ÇT* M which is the graph of the closed form w is then said to be quantizable in case w = 27rfc(7), ¿(7) G Z, 
